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XL1. A Method of findingy by the Help of Sir Ifaac New-
ton’s binomial Theorem, a near Value of the very flowly-

. . . . xx a2
converging infinite Series x+— + P 3—+8cc. when

.x 15 wery nearly equal to 1. By Francis Maferes, F/g.
F.R. 8. Curfitor Baron of the Exchequer.

Read July 9, 1778.

ARTICLE I.

F the capital letters a, B, c, D, E, &c. be put for the
numeral co-efficients of the powers of x in the faid

I

feries, fo that a fhallbe =1, B=4, c=3, D=4, E=1,
and fo on, we fhall have B=;x 4, c=2xB, D=ixc,

X

. xx B3t s .
E=%x D, &c. and the feries ¥ + — + = + = + +8c will

4
be=x +Llaxx+2Bx’+icat+ %DxSi%Ex% sFx7+16x°
+&¢.; in which feries the fractions 1, 2, 3, 4, 3, %, 7, &c.
which generate the co-efficients of the pcwers of x in
the feveral terms after the firft term x, are derived from
each other by the continual addition of 1 to both their

numerators and their denominators.
2., This
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896 Summation of 2he flowly-converginy

2. This obfervation fuggefts to us a method of finding
a near value of the fum of this feries by the help of Sir
ISAAC NEWTON’s binomial theorem, which may be ex-
plained as follows.

If 2 and # reprefent any two whole numbers, the re-

ciprocal of the n—th power of the binomial quantity 1-ux,

or, according to Sir 1sAAC NEWTON’s notation of powers,
—

the quantity 1—xl ", will , according to that celebrated
theorem, be equal to the infinite {eries

m
I+4+- x X
m m+n m mn m--2n 3
+;x—;;‘—xxx+”x P 3 X X
+ d m+n N m+2n 771-\-3'1>< x*
n 2n 3n 4n
| n ” ”
$ 7k omban omid BEAE L X5+ Ko
n 2n 3n 4n 5n
m m4n m+-2n 3 m+3n 4 m<-4n 5
or I +‘;Ax+ o BXX + 2 Cx°+ e DX*+ 57 EX

6 . . .
P IS ;‘ 2 o7+ el maf + &c.; in which feries

the capital letters a, B, C, D, E, F, G, H, &c. ftand for 1
and the co-efficients of w, xx, 3, &% &%, &%, &7, &%, &c.
Now it is evident, that the generating fractions f%—"a

mian, mtgm min, misy, m+6"’ 1%, &c. are de-
3n 4n 5 6n 7 8n

rived from ;-’-’ and from each other by the continual

addition of # to both their numerators and denomi-
nators. Therefore, though they are greater than they

would be if 7 was fubtradted from the numerator
of
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of each of them, that is, than the fractions = %’-’, 3, 4,

%‘Z’ 3—’" 7%, &c. and confequently, than the fractions %, 3,

3,45, 5 %, &c. which are refpectively equal to —

i}: g g—: %’ %g &c. Yet, the further we go in the feries,
the lefs is the proportion in which they exceed the latter
fractions; infomuch that, if we go far enough in the
{feries, we may find terms in it whofe proportion to the

cerrefponding terms in the feries 3, %, £, 4, &, 7, I, &,

21 3!’1

fhall approach as near as we pleafe to a proportion of
equality. And, by taking # of a very great magnitude

in comparifon of 77, we may even make the firft terms

7+n m+2n m+3n m+4.n m+5u m+6n w40
2n 3n 4n 57 6n qn &

&ec. approach very nearly to an equahty with the cor-
refponding terms of the feries 3, 1, 2, 4, £, 7, 7, &c. which
are the generating fractions of the propofed feries

of the feries

P B . .
A i A 5+ &c. In order to this,

let 22 be taken = 1, and # = 1,000,000,000,000, that is,
=a billion, or the {quare of a million, which, to avoid

the frequent repetition of fo many cyphers, we willcall.

E — I =TI
Then Will I"Jﬂ 1,000,000,000,000 ¢ or I"‘x‘ b’ or

I
x,be
I—xi=

5
1435 b
Cat ¥ gty

+6 1425
36 44 56 ExS

"'I+ AX+ Yy BXX +

5
"&5 Fxb+ 1';& Gx"+ "gi L2 q #® + &c. which, on account of

Vor. LXVIIIL. 5T . the
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the great magnitude of 4, 24, 34, 45, 56, 64, 70, &c. in
comparifon of 1, will be almoft equal to (though fome-

b 25 35 45
3 4 5.
Whatgreaterthan)1+ AX+ bex+3bcx + 5 Dt GEX
+8pa Yo Priats &coor 14+ Ax+ Bxx +3Cx+
64 76 8s : b
I X%

ipat+tEas+ SFat + SonT+ Iua’ + &c. or 1+; x

Iy ! 3.3y 2, 1y 2 4
FIX FRIXAX+IxIx 7 x IxAP+IxIxix 7 x T x ¥+ &c.

’Enlu

. LV LANUES SO SR TN o T
011+bx+bxzxx+bxgxx+bxzx +&c.orr+y +

5

P Y ; X7 N x® . iplvi
totat gttt n e Therefore, multiplying

both fides by 4, we fhallhave 5 x—— nearly = &+ + —

1—al-
7
74 T4 T+ T+ = + F+&c.; and, fubtracting & from

A S
both fides, x+5 + = + = 4 T+ =t 37- + %+ &c.nearly

=bx —-0=bx ,C—:T-Jé— — b3 that is, the propofed feries

e

3 4
X+ —-’5 + % + 4 —5— + &c. will be nearly equal to

-|-—5. We muft therefore firft fubtract ¥ from

&x
I
1, and then divide 1 by the remainder, which will give

us a quotient equal to —l{—x * And, having found

this quotient, we muft extra& its &th, or

1,000,000,000,000th, root, and multiply the faid root
by 4, or 1,000,000,000,000; and, laftly, from the pro-

du&t we muft fubtract 4, or 1,000,000,000,000: and
the
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the remainder thereby obtained will be nearly equal to

. .. . . _ 3 + s . 7
the propofed infinite feries ¥+ + 53— + % + % + t T

&c. Q. E.I.

An example of the foregoing method of fumiming the faid
infinite feries.
3. As an example of this method of finding the value

of the feries x + % + Sttt + & let us fup-

pofe x to be equal to . ‘

Then we. fhall have 1-x=1-2% =%, and ;—E-;: I10.
Now, fince the logarithm of 10 in BkIGGS’s Syftem of loga-
rithms is 1, the logarithm of the 1,000,000,000,000th
root of 10 muft be the 1,000,000,000,000th part of 1,
or muft be = .000,000,000,001. This logarithm is
too fmall to be found in the common tables of loga-
rithms, which go only to feven places of figures; and
therefore .the number correfponding to it, that is, the
1,000,000,000,000th reot of 10, cannot be found by
the help of thofe tables; but it may be found in the
manner following. The 1,000,000,000,000th root of
10 is a number that is fomewhat, and but a very little,
greater than 1. That number, therefore, and 1 will repre-
fent two ordinates to the axis, or afymptote, of a logarith-
mick curve that are very nearly contiguous toeach other:

whence it follows, that the fub-tangent of the curve will
5T 2 bear
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bear very nearly the fame proportion to the lefler ordinate
1,as the abfcifs of the axis intercepted between the twoor-
dinates, that is, as the logarithm of the ratio of the greater
ordinate tothelefler,orthelogarithm.000,000,000,0071,
bears to the différence of the faid ordinates., Say there-
fore, as .434,294,481,9 (which is the fub-tangent of
the logarithmick curve in BRrIGGs’s Syftem of Loga-
rithms) is to 1 (or the lefler of the two ordinates) fo is
.000,000,000,00T1 to a fourth number, which will be
.000,000,000,002,302,585,093; and this fourth
number will be the excefs of the greater of the faid
two ordinates above the leffer, or of the billionth root
of 10 above 1. ‘Therefore the billionth root ef 1o
will be = 1.000,000,000,002,302,585,093; which,
being multiplied by 1,000,000,000,000, will be =
1,000,000,000,002.302,585,093; from which if
we fubtract 1,000,000,000,000, the remainder will be
2.302,585,093. ‘Therefore 2.302,585,093 is nearly
equal to the infinite feries x + ”: + %3 + 1:4 + ? + %6 + 1;1
+ &c.whenwxis =%, qQ E. I

4+ This number 2.302,585,093 gives the value of
the feries & + i;f + 533 + f + %s + &c. exact to nine places
of figures, the error being only in the roth figure 3,
which ought to be a 2 inftead of a 3, the more accurate
value of that feries (which is equal to the logarithm of

4 thq
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the ratio of 1 to 1-x in NAPIER’s Syftem of Logarithms,
that is, in the prefent example, to the logarithm of the
ratio of 1 to %, or of 10 to I, Or to NAPIER’S logarlthm
of 10) being 2.302,585,092,994,04.

5. I believe that fimilar applications of the binomial
theorem may be made for the fummation of other {lowly-
converging infinite feriefes, whenever the generating
frac¢tions (by the multiplication of which the numeral
co-efficients of the terms of fuch feriefes are produced
from each other) are formed by the addition of a given
number to both their numerators and denominators. In
our endeavours, therefore, to fum fuch feriefes it will be
proper to attend to the law of the faid generating frac~
tions.




